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Abstract: The S-matrix of a quantum eld theory is unchanged by eld redenitions, and
so it only depends on geometric quantities such as the curvature of eld space. Whether
the Higgs multiplet transforms linearly or non-linearly under electroweak symmetry is a
subtle question since one can make a coordinate change to convert a eld that transforms
linearly into one that transforms non-linearly. Renormalizability of the Standard Model
(SM) does not depend on the choice of scalar elds or whether the scalar elds transform
linearly or non-linearly under the gauge group, but only on the geometric requirement that
the scalar eld manifold M is at.
Standard Model Eective Field Theory (SMEFT) and Higgs Eective Field Theory
(HEFT) have curvedM, since they parametrize deviations from the at SM case. We show
that the HEFT Lagrangian can be written in SMEFT form if and only ifM has a SU(2)L
U(1)Y invariant xed point. Experimental observables in HEFT depend on local geometric
invariants ofM such as sectional curvatures, which are of order 1=2, where  is the EFT
scale. We give explicit expressions for these quantities in terms of the structure constants
for a general G ! H symmetry breaking pattern. The one-loop radiative correction in
HEFT is determined using a covariant expansion which preserves manifest invariance of
M under coordinate redenitions. The formula for the radiative correction is simple when
written in terms of the curvature of M and the gauge curvature eld strengths. We also
extend the CCWZ formalism to non-compact groups, and generalize the HEFT curvature
computation to the case of multiple singlet scalar elds.
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1 Introduction
Current experimental data is consistent with the predictions of the Standard Model (SM)
with a light Higgs boson of mass  125 GeV. The measured properties of the Higgs boson
agree with SM predictions, but the current experimental accuracy of measured single-
Higgs boson couplings is only at the level of  10%, and no multi-Higgs boson couplings
have been measured directly. It is important to consider generalizations of the SM with
additional parameters in order to quantify the accuracy to which the SM is valid or to
detect deviations from SM predictions.
Over the past 40 years, many theoretical ideas have been proposed for the underly-
ing mechanism of electroweak symmetry breaking. Theories that survive must be con-

















well-described by the SM. A general model-independent analysis of electroweak symme-
try breaking can be performed using eective eld theory (EFT) techniques. Assuming
there are no additional light particles beyond those of the SM at the electroweak scale
v  246 GeV, the EFT has the same eld content as the SM. There are two main EFTs
used in the literature, the Standard Model Eective Field Theory (SMEFT) and Higgs
Eective Field Theory (HEFT). In this paper, we make the relationship between these two
theories precise.
The Higgs boson h of the SM is a neutral 0+ scalar particle. In the SM Lagrangian, it
appears in a complex scalar eld H, which transforms as 21=2 under the SU(2)L  U(1)Y
electroweak gauge symmetry. An oft-stated goal of the precision Higgs physics program is
to test whether (a) the Higgs boson transforms as part of a complex scalar doublet which
mixes linearly under SU(2)L  U(1)Y with the three \eaten" Goldstone bosons ', or (b)
whether the Higgs eld is a singlet radial direction which does not transform under the
electroweak symmetry. In case (b), the three Goldstone modes ' transform non-linearly
amongst themselves under the electroweak symmetry, in direct analogy to pions in QCD
chiral perturbation theory, and do not mix with the singlet Higgs eld. In case (a), there
are relations between Higgs boson and Goldstone boson (i.e. longitudinal gauge boson)
interactions, whereas in case (b), no relations are expected in general. An objective of this
paper is to explore the distinction between these two pictures for Higgs boson physics.
The properties of the scalar sector of the SM and its EFT generalizations can be clari-
ed by studying it from a geometrical point of view [1]. The scalar elds dene coordinates
on a scalar manifoldM. The geometry ofM is invariant under coordinate transformations,
which are scalar eld redenitions. The quantum eld theory S-matrix also is invariant
under scalar eld redenitions, so it depends only on coordinate-independent properties
of M. Consequently, experimentally measured quantities depend only on the geometric
invariants of M, such as the curvature. Formulating physical observables geometrically
avoids arguments based on a particular choice of elds. It also allows us to correctly pose
and answer the question of whether the Higgs boson transforms linearly or non-linearly
under the electroweak gauge symmetry. Further, a geometric analysis gives a better un-
derstanding of the structure of the theory and its coordinate-invariant properties.
The UV theory can have additional states, such as massive meson excitations in the case
of theories with strong dynamics. At low energies, the EFT interactions in the electroweak
symmetry breaking sector are described by a Lagrangian with scalar degrees of freedom
on some manifold M, with the Lagrangian expanded in gradients of the scalar elds. The
geometric description captures the features of the UV dynamics needed to make predictions
for experiments at energies below the scale of new physics.
The geometrical structure of non-linear sigma models has been worked out over many
years, mainly in the context of supersymmetric sigma models (see e.g. [2{12]). The appli-
cations to the SM Higgs sector presented here are new, and they provide a better under-
standing of the structure of HEFT and the search for signals of new physics through the
couplings of the Higgs boson.
Some of the results in this paper have already been given in ref. [1]. Here we provide

















that work, including the derivation of the one-loop eective action for a curved scalar mani-
foldM. For most of the paper, we will assume that the scalar sector has an enlarged global
symmetry, known as custodial symmetry. Also note that we will usually treat the scalar
sector in the ungauged case, referring to the scalar elds as Higgs and Goldstone bosons.
The gauged version of the theory follows immediately by replacing ordinary derivatives by
gauge covariant derivatives. In the gauged case, the Goldstone bosons are eaten via the
Higgs mechanism, becoming the longitudinal polarization states of the massive electroweak
gauge bosons. Thus, the Higgs-Goldstone boson relations we refer to are in fact relations
between the couplings of the Higgs boson and the three longitudinal gauge boson states
WL and ZL [13{15].
The organization of the paper is as follows. The relationship between the SM, SMEFT
and HEFT is discussed in section 2 from a geometrical point of view. It is shown that
SMEFT is a special case of HEFT whenM is expanded about an O(4) invariant xed point.
Further, it is shown that the existence of such an O(4) invariant xed point is a necessary
and sucient condition for the existence of a choice of scalar elds such that the Higgs
eld transforms linearly under the electroweak gauge symmetry. Section 3 presents the
covariant formalism for curved scalar eld space. We discuss global and gauge symmetries
in terms of Killing vectors of the scalar manifold, and we derive the one-loop correction to
the eective action for curved M. In section 4, the geometric formulation of G=H theories
is connected with the standard coordinates of CCWZ. We give formul for the curvature
tensor in terms of eld strengths for a general sigma model. We also discuss the extension
of the CCWZ standard coordinates to non-compact groups. As shown in ref. [1], the sign of
deviations from SM values of Higgs boson-longitudinal gauge boson scattering amplitudes
is controlled by sectional curvatures in HEFT. For G=H theories based on compact groups,
these sectional curvatures are typically positive. We compute the sectional curvature, and
show that in certain cases, it can be negative. In section 5, we briey discuss the SM and
custodial symmetry violation, and the relation between the SM scalar manifold and the
conguration space of a rigid rotator. Section 6 generalizes HEFT to the case of multiple
singlet Higgs bosons. Finally, section 7 provides our conclusions. Additional formulae
are provided in the appendices, including intermediate steps in the computation of the
one-loop correction to HEFT given in refs. [1, 16], and discussion of the complications for
non-reductive cosets.
2 SM  SMEFT  HEFT
In this section, we discuss the scalar sector of the SM and its EFT generalizations, SMEFT
and HEFT, as well as the relationship between these three theories. We begin with a
summary of the scalar sector of the SM.









This scalar Lagrangian is the most general SU(2)L  U(1)Y invariant Lagrangian with

















SU(2)L U(1)Y . As is well-known, the SM scalar sector has an enhanced global custodial
symmetry group O(4)  SU(2)L  SU(2)R. This global symmetry can be made manifest
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    v22 ; (2.3)
where  = (1; 2; 3; 4). Lagrangian eq. (2.3) is invariant under G = O(4) global sym-
metry transformations
! O; OTO = 1: (2.4)
The scalar eld  transforms linearly as the four-dimensional vector representation of the
global symmetry group G = O(4). The minimum of the potential is the three-sphere S3 of
radius v,
h  i = v2 ; (2.5)
which is the Goldstone boson vacuum submanifold of the SM. The radius of the sphere,









and expand the Lagrangian about this vacuum state in the shifted elds 4  v + h and







37775 ; H = 1p2
"
'2 + i'1
v + h  i'3
#
: (2.7)
The vacuum expectation value hi spontaneously breaks the global symmetry group G =
O(4) to the unbroken global symmetry group H = O(3). The Goldstone bosons 'a, a =
1; 2; 3, transform as a triplet under the unbroken global symmetry, whereas h transforms as
a singlet. We will refer to both the enlarged global symmetries G = O(4)  SU(2)LSU(2)R
and H = O(3)  SU(2)V as custodial symmetries. The unbroken global symmetry group
H leads to the relation MW = MZ cos W , which is a successful prediction of the SM. The
experimental success of this gauge boson mass relation implies that custodial symmetry is



























h2 + 2hv +' '2 : (2.8)
The singlet h is the physical Higgs eld with mass
m2h = 2v
2 ; (2.9)
whereas the Goldstone bosons are strictly massless. In the gauged theory, the three Gold-
stone bosons 'a of the G ! H global symmetry breakdown are \eaten" via the Higgs
mechanism, becoming the longitudinal polarization states of the massive W and Z gauge
bosons. Note that the O(4)-invariant potential V (h;') depends on an O(4)-invariant com-
bination of both h and '.











; i; j = 1; 2; 3; 4; (2.10)
denes the scalar metric gSMij () = ij for the SM scalar manifold M with coordinates
given by the scalar elds i. Distances on M are determined by ds2 = gij () didj .
The four-dimensional SM scalar manifold M = R4 is shown in gure 1. The O(4)
symmetry acts by rotations. The minimum of the potential is the solid red curve, and forms
the three-dimensional Goldstone boson submanifold S3 of radius v. The parameterization
eq. (2.7) is a Cartesian coordinate system for M centered on the vacuum (black dot),
where h is the horizontal direction, and 'a, a = 1; 2; 3, are the three other directions
orthogonal to h. The angular coordinates of S3 are 'a=v. The O(4) symmetry acts linearly
on ('1; '2; '3; v + h).
In Cartesian coordinates, it seems intuitively clear that 'a and h interactions are re-
lated, given that the four scalar elds belong to the same Higgs doublet eq. (2.2). However,
the precise relation is subtle. In order to understand this point better, it is instructive to
express the SM Lagrangian eq. (2.3) in polar coordinates as well.
In polar coordinates,1
 = (v + h)n() ; n  n = 1 ; (2.11)
where (v+h) is the magnitude of , and n() 2 S3 is a four-dimensional unit vector. The
four shifted scalar elds consist of the three dimensionless angular coordinates a = a=v
















An advantage of expressing the SM Lagrangian in polar coordinates is that the three
Goldstone boson elds of n() are derivatively coupled. In addition, the scalar potential in

























Figure 1. Two-dimensional depiction of the four-dimensional scalar manifold M = R4 of the
SM. The SM vacuum is the black dot shown in the gure. The origin (green dot) is an O(4)
invariant xed point. The left and right diagrams show the elds in Cartesian and polar coordinates,
respectively. O(4) symmetry acts linearly on the Cartesian coordinates. In polar coordinates, h is
O(4)-invariant, and the angular coordinates n() transform non-linearly under the O(4) symmetry.
The scalar manifold M is at, so the scale  setting the curvature is formally innite.
polar coordinates only depends on the radial coordinate h, whereas in Cartesian coordinates
it depends on all four scalar elds.
The O(4) symmetry transformations of M in polar coordinates are
h! h; n! On; (2.13)
so the Higgs eld h is invariant under O(4) transformations, and n transforms linearly
by an orthogonal transformation that preserves the constraint n  n = 1. Due to the
constraint, however, only three of the four components of n are independent. Without
loss of generality, one can take the rst three components of n to be the independent
components. Then, the fourth component n4 is a non-linear function of the independent
components n1;2;3. The non-linear constraint nn = 1 turns the linear O(4) transformation
on n into a non-linear transformation when written in terms of unconstrained elds. Thus,
the O(4) transformation on the three independent angular coordinates a=v is a non-linear
transformation.
Many dierent parameterizations of n() in terms of the independent unconstrained
coordinates a=v are possible. Two natural non-linear parameterizations are the square
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respectively. For most of this paper, we use the exponential parameterization for n()
since it corresponds to the standard coordinates of CCWZ.
Rotations in the 12, 13 and 23 planes act linearly on (n1; n2; n3), and leave n4 invariant.
However, rotations in the 14, 24 and 34 planes mix (n1; n2; n3) and n4. For example, a 14
rotation gives
n1 =  n4; n2 = 0; n3 = 0; n4 =   n1: (2.16)
In terms of the independent unconstrained coordinates a of the square root parameteri-
zation, 12, 13 and 23 rotations act linearly, but a 14 rotation gives
1 = 
p
v2     ; 2 = 0; 3 = 0: (2.17)
The O(4) transformation eq. (2.17) is non-linear. Consequently, eq. (2.13) is called a
non-linear transformation, since it is non-linear when written in terms of unconstrained
coordinates (1; 2; 3).
In polar coordinates, n and h are very dierent objects, and it is not at all obvious that
n and h interactions are related. Nevertheless, all we have done is switch from Cartesian
coordinates f'a; hg to polar coordinates fa; hg while keeping the Lagrangian xed. This
change of coordinates does not aect physical observables such as S-matrix elements. Any
relations that exist amongst physical observables must be present irrespective of the choice
of coordinates.
We have summarized the standard analysis of the SM in Cartesian and polar coordi-
nates. In Cartesian coordinates, the Higgs eld h and the three Goldstone elds 'a form
a four-dimensional representation which transforms linearly under O(4). In polar coordi-
nates, the Higgs eld h is an O(4) singlet or invariant, and the three Goldstone bosons a
parameterizing the S3 unit vector n() transform among themselves under the non-linear
O(4) transformation law eq. (2.13). The Higgs boson eld h in polar coordinates is not the
same eld as the Higgs boson eld h in Cartesian coordinates. The relation between the
two Higgs boson elds is
(v + h)2 = (v + h)2 +' '; (2.18)
so that







+ : : : (2.19)
By the Lehmann-Symanzik-Zimmermann (LSZ) reduction formula, h and h give the same
S-matrix, and both are perfectly acceptable choices for the Higgs boson eld.2

















2.1 O(4) xed point
We now return to the question of whether the Higgs eld transforms linearly or non-linearly
under the electroweak gauge symmetry, and whether interactions of the Higgs boson and
the three Goldstone bosons (i.e. longitudinal gauge boson polarizations) are related. As we
have just seen, this question is not well-posed in the SM, since the answer depends on the
choice of coordinates. However, it is intuitively clear that there is an underlying relationship
between the couplings of the Higgs and Goldstone bosons in the SM that does not remain
valid in the general context of HEFT. We need to formulate any coupling relations in a
coordinate-invariant way. There are two conditions which make the SM special | (i) there
is a point  = 0 (or H = 0) of M which is an O(4) invariant xed point, and (ii) the
scalar manifold M is at, i.e. it has a vanishing Riemann curvature tensor.3 As we now
see, relations in the SM between the couplings of the Higgs boson and the three Goldstone
bosons arise from these two conditions which are no longer true in HEFT in general.
We rst analyze whether the Higgs eld is part of a multiplet that transforms linearly
under the O(4) symmetry. Even in the SM, the answer to this question depends on the
choice of coordinates. The coordinate-invariant formulation of the question is: does there
exist a choice of coordinates for M such that the Higgs eld is part of a multiplet that
transforms linearly under the O(4) symmetry? We now show that the answer is yes if and
only if M has an O(4) invariant xed point.4
It is clear from the O(4) transformation law eq. (2.4) for  that the origin  = 0 is an
O(4) invariant xed point. Any other theory that can be formulated using elds  which
transform linearly under the O(4) symmetry also must have an O(4) invariant xed point
at  = 0. Thus, if there exists a choice of coordinates  which transform linearly under
the O(4) symmetry, then the scalar manifold M has an O(4) invariant xed point.
Now, we prove the converse statement. Consider a general scalar manifoldM, which is
described by coordinates which transform under O(4) transformations and which contains
an O(4) invariant xed point P . Is there a choice of coordinates such that the scalar elds
transform linearly under the O(4) symmetry? The key result we need for the proof in this
direction is the linearization lemma of Coleman, Wess and Zumino [17], which states that
if P is an O(4) invariant xed point, there exists a set of coordinates in a neighborhood
of P which transform linearly under O(4) transformations in some (possibly reducible)
representation of O(4). If this O(4) representation contains the four-dimensional vector
representation of O(4), then the four coordinates i, i = 1; 2; 3; 4, which transform as a
vector, can be combined into a Higgs doublet H, as in eq. (2.2). Thus, the Higgs eld
is part of a linear representation H if and only if there is an O(4) invariant xed point
whose tangent space transforms under O(4) in a representation that contains the vector
representation. In most of our examples, the scalar manifold is four-dimensional, and the
tangent space of P automatically transforms as the vector representation, so we will omit
the condition that the tangent space transforms as the vector representation.
3In Cartesian coordinates, gSMij () = ij , and it trivially follows that the Riemann curvature tensor
vanishes. Since the curvature is coordinate independent, it also vanishes in polar coordinates, even though
the metric is more complicated.

















The condition that M contains an O(4) xed point divides theories into those which
can and cannot be written in a form where the Higgs boson is part of a multiplet that
transforms linearly under the electroweak gauge symmetry group Ggauge = SU(2)LU(1)Y
(or the larger global custodial symmetry group G = O(4) = SU(2)L  SU(2)R). There are
theories which satisfy the condition that M contains an O(4) invariant xed point, but
which do not have relations between the couplings of the Higgs boson and the Goldstone
bosons. To understand this point better, we now introduce SMEFT and HEFT.
2.2 SMEFT
SMEFT is an eective theory with the most general Lagrangian written in terms of SM
elds, including all independent higher dimension operators with dimension greater than
four, suppressed by an EFT power counting scale . The independent operators at dimen-
sion six, and their renormalization [18, 19], has been worked out in detail [20{27].
In SMEFT, all operators involving scalar elds are written in terms of the Higgs doublet
eld H. For simplicity, at present we assume that the custodial symmetry group of SMEFT
is G = O(4). The SMEFT scalar kinetic energy term, which consists of all operators built




















+    ; (2.20)
where the sum in the rst line is over all independent mass dimension d operators built
out of two derivatives and Higgs doublet elds Hy and H, and the second line gives the
explicit expression including the leading d = 6 operator. Using eq. (2.2) to write the Higgs



















where the arbitrary functions A(z) and B(z) are dened by power series expansions in their
argument z    =2. In the  ! 1 limit, the kinetic energy term of SMEFT reduces
to the SM kinetic energy term, so the function A(z) satises A(0) = 1. Comparison of














The Riemann curvature tensor Rijkl() of the curved scalar manifold M in SMEFT can
be calculated from the above metric. The SM is a special case of the SMEFT in which all
higher dimension operators with d > 4 are set to zero, or equivalently, one takes the limit
!1. From eq. (2.22), we see that in this limit the SMEFT metric yields the SM scalar


















Most composite Higgs models [28, 29] can be written in SMEFT form. A simple
example is the SO(5) ! SO(4) composite Higgs model [30]. The symmetry breaking eld
lives on a sphere of radius f in ve dimensions, and can be written as"
p
f2     
#
: (2.23)
 is the SMEFT eld, and the Lagrangian can be written in SMEFT form. In general,
composite Higgs theories solve the hierarchy problem by vacuum misalignment. There is
a eld conguration where the vacuum is \aligned," so that the electroweak symmetry is
unbroken. This is the point  = 0 of SMEFT, and  measures deviations from this point,
as in eq. (2.23). In the neighborhood of  = 0,  gives a linear representation of O(4).
For HEFT to reduce to SMEFT form, this representation must transform as the vector
of O(4). Composite Higgs models which are consistent with experimental data are of this
type [31, 32].
The SMEFT is the EFT generalization of the SM where the scalar manifold has an
O(4) invariant xed point, so that the Lagrangian can be written in terms of the Higgs
doublet eld H or the four-dimensional vector eld  on which the O(4) symmetry acts
linearly. This restriction is not enough to give the same scattering amplitudes of Higgs
bosons and Goldstone bosons (longitudinal gauge bosons) as the SM, which can be veried
by explicit computation using eq. (2.21). In refs. [1, 33], it was shown that the high
energy behavior of the cross sections for WLWL ! WLWL and WLWL ! hh scattering
depend on two sectional curvatures which can be obtained from the Riemann curvature
tensor Rijkl(). The one-loop radiative correction in the scalar sector also depends on
the Riemann curvature tensor Rijkl() [1]. The details of these calculations are presented
later in this paper. The important point is that the  !  scattering cross sections
and the one-loop radiative correction in SMEFT are equal to the SM values if and only
if M is at, i.e. the Riemann curvature tensor of SMEFT vanishes. This statement is a
coordinate-independent condition, which is true in the SM using either Cartesian or polar
coordinates. Thus, the intuitive idea that the Goldstone boson and Higgs boson directions
in gure 1 are related in the SM can be formulated precisely as the condition that M in
the SM is a four-dimensional at Euclidean space.
2.3 HEFT
HEFT is a generalization of the SM using the polar coordinate form of the SM La-
grangian, eq. (2.12). The theory is written in terms of three angular coordinates a=v
that parametrize a unit vector n() 2 S3, and one or more coordinates fhig. As in the
SM, the unit vector n parametrizes the Goldstone bosons directions [34{38]. Here we re-
strict to one additional h eld. The case of multiple fhig is considered in section 6. The

































Figure 2. The HEFT scalar manifold. There is S3 for each value of h. An O(4) invariant xed
point exists if there is a value of h for which the radius of S3 vanishes. The xed point 0 at h = h
is shown in a dotted region of M since it need not exist. There is no boundary at the transition
between the solid and dotted regions, if the dotted region does not exist. Instead, the manifold can
extend to innity, or is smoothly connected without a point where F (h) = 0. SMEFT has a scalar
manifold where  = 0 is an O(4) invariant xed point that always exists, and are like the HEFT
manifold including the dotted section.
where F (h) is an arbitrary dimensionless function with a power series expansion in h=v [39],
normalized so that
F (0) = 1 ; (2.25)
since the radius of S3 in the vacuum is xed to be v by the gauge boson masses. The
HEFT manifold is shown schematically in gure 2. M has a coordinate h, with an S3
ber at each value of h. While h is often called the radial direction by analogy with the
polar coordinate form of the SM, in HEFT, h is simply a scalar eld, and need not be
the radius of anything. HEFT power counting is discussed in [40], and is a combination of
chiral power counting [41, 42] and naive dimensional analysis [43]. The terms omitted in
eq. (2.24) are the NLO operators [44{48].
The O(4) transformation laws for h and n are given in eq. (2.13), so h is invariant and
n transforms non-linearly. The SM and SMEFT are both special cases of HEFT. In the
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This kinetic energy term can be put into the standard form of HEFT by performing a eld
redenition on h to make the coecient of the (@h)
2 term equal to 1=2. Thus, the HEFT























where the function F (h) is parametrized by coecients cn, n  1,













+    : (2.29)
The coecient c1 is already constrained by experiment to be equal to its SM value c1 = 1
to a precision of about 10%. The coecient c2 is not constrained at present. The HEFT
scalar metric reduces to the SM scalar metric when F (h) = F SM(h) = 1 + h=v.
In the SMEFT, the functions A and B in eq. (2.22) are expanded out in powers of ,
whereas in the HEFT literature, they are treated as arbitrary (unexpanded) functions.
When is it possible to rewrite HEFT in SMEFT form? We have seen that a necessary
and sucient condition is that there must exist an O(4) invariant xed point P on M.
One can then dene  as coordinates around P and write the Lagrangian in terms of .
The general HEFT manifold consists of h and a sequence of spheres of radius vF (h) bered
over each point of h. The HEFT manifold is depicted in gure 2. O(4) acts on the point
n on the surface of S3 by rotation, so that O(4) maps points on the the red curve onto
itself. No point of S3 is invariant under the full O(4) group, so the only way to have an
O(4) invariant xed point is if the sphere has zero radius, i.e. if F (h) = 0 for some h.
Such a point may not exist; its existence depends on the structure of the HEFT manifold.
For example, if F (h) = eh=v cosh(1 + h=f) the HEFT manifold has no O(4) invariant xed
point. In the SM, F (h) is given by eq. (2.26), and F (h) = 0 at h =  v. If there is
an O(4) xed point, the HEFT can be written as a SMEFT. Some examples are given in
refs. [48{50].
To summarize, HEFT with no O(4) invariant point, i.e. no point where F (h) = 0,
cannot be written in SMEFT form, and hence cannot be written using a doublet eld H
(or equivalently, a four-dimensional vector eld ) which transforms linearly under the
electroweak gauge symmetry. This statement answers the question posed in the introduc-
tion: when do the scalar elds of HEFT transform linearly or non-linearly under the gauge
symmetry? They transform linearly if and only if F (h) = 0 for some h, so that there is
a O(4) xed point.
Thus, we have shown that the relationship of the SM, SMEFT and HEFT is described
by the hierarchy SM  SMEFT  HEFT. SMEFT is a special case of HEFT when there is
a value of the Higgs eld h where F (h) = 0. The SM is the special case of SMEFT (and
HEFT) when there are no higher dimension operators in the theory, and so M is at.
One can convert the SMEFT Lagrangian to HEFT form using eq. (2.11) to switch
from Cartesian to polar coordinates. One can attempt to convert from HEFT to SMEFT
form using

(  )1=2 = n (2.30)
with (  )1=2 some function of h. This substitution gives a Lagrangian L() that need
not be analytic in . However, if there is an O(4) xed point, then there is a suitable

















Scattering amplitudes are evaluated in perturbation theory by expanding the action in
small uctuations about the vacuum (the black dot) in gure 2. The curvature of M is a
local quantity, given by the metric and its derivatives up to second order, evaluated at the
vacuum state. Scattering amplitudes, and hence experimentally measurable cross sections
depend directly on the curvature [1, 33], so the curvature of the EFT scalar manifold can
be determined experimentally.
Whether there is an O(4) invariant xed point where F (h) = 0 is a non-perturbative
question, since F (0) = 1 in the ground state. One has to move a distance of at least h  v
away from the ground state to probe the existence of a xed point where F (h) vanishes.
3 Covariant formalism for curved scalar eld space
In this section, we review the well-known geometric formulation of non-linear sigma mod-
els [3, 4, 11, 42, 51]. The use of functional methods for quantum corrections, com-
bined with a covariant formalism sheds light on a number of technical issues identied in
refs. [37, 52]. This covariant formalism has wide applicability | the CCWZ phenomeno-
logical Lagrangian is a special case of the geometric approach in a particular choice of
coordinates, as discussed in section 4.
3.1 Scalar elds on a curved manifold M
Consider N real scalar elds i which are the coordinates of a curved scalar manifold M.
The scalar action for the O(p2) Lagrangian (with no gauge elds) containing all operators
with up to two derivatives is
S =
Z







i (@)j + I ()

; (3.1)
where I() is an invariant scalar density onM. The two-derivative terms dene the scalar

























Thus, the Lagrangian also is an invariant scalar density. The potential I() is non-zero,
in general. It is a constant if all the elds i are exact Goldstone bosons of an enlarged
global symmetry.
The rst variation of the action yields the equation of motion for the eld . Under

























(D)i  @i +  ikj (@)k j (3.5)
is the covariant derivative on a vector eld i and  ijk() is the Christoel symbol. From
eq. (3.4), one obtains the classical equation of motion
Ej = gij (D (@))i   I; j = gij





  I; j = 0 ; (3.6)
which is the wave equation for  on the curved manifold M.







gij (D)i (D)j Rijkl i(@)jk(@)l Ej  jklkl+I; ij ij

; (3.7)
where Rijkl is the Riemann curvature tensor and







Eq. (3.7) is not covariant because of the third term which depends explicitly on the connec-
tion  ijk. This term, however, vanishes on shell since it is proportional to the equation of
motion Ei. The non-covariant term leads to non-covariant divergences in Green functions
which vanish in S-matrix elements. Even though they have no physical consequences, the
appearance of non-covariant terms is puzzling since the original theory is covariant. The
non-covariant terms occur because the innitesimal variation ! +  is not a covariant
parameterization of uctuations to second order in , as was explained in ref. [3, 4].5
The variation of the scalar eld i = i should transform as a vector under a change
of coordinates. However, under a change of coordinates,


























jk + : : : ; (3.10)
which is the correct transformation law for a vector at rst order in , but not at second or-
der. The solution to this problem is to use geodesic coordinates to parametrize uctuations








= 0 : (3.11)
Solving this equation in perturbation theory, starting at i = i0 with tangent vector
i gives




jk + : : : (3.12)
5An explicit calculation of the O(N) model in the linear and non-linear formulations, and a computation

















Fluctuations in  are parameterized by picking i to be tangent vector such that the
geodesic reaches +  at  = 1, i.e. using the variation












Expanding the action in the geodesic uctuation  to quadratic order in  yields












ij +O(3) ; (3.15)





. This contribution exactly cancels the non-covariant term of







gij (D)i (D)j  Rijkl i(@)jk(@)l + (rirjI) ij

: (3.16)
An equivalent way to implement the covariant expansion is to promote ordinary functional
derivatives to covariant functional derivatives [11],
riS = S
i



















The one-loop corrections computed using eq. (3.16) are covariant, since 2S is covariant.
The two forms for 2S, eq. (3.7) and eq. (3.16), dier in the form for 0, eq. (3.10) and
eq. (3.13), i.e. by a eld redenition. Thus the two formulations have the same S-matrix,
but dierent Green functions. The covariant form eq. (3.16) has covariant Green functions
and S-matrix elements, so the non-covariant version eq. (3.7) has covariant S-matrix ele-
ments (since they are not changed by eld redenitions) but non-covariant Green functions.
The one-loop radiative correction can be computed from eq. (3.18). For renormaliza-
tion of the theory at one-loop in dimensional reqularization, we only require the divergent
one-loop contribution to the Lagrangian. This contribution can be extracted using the
covariant derivative formalism in refs. [11, 53{56], which gives the same result as an earlier
explicit computation by 't Hooft [57]. The results are given in eq. (3.45), after we have
discussed the gauged version of eq. (3.18). Since 2S is covariant, the radiative corrections

















3.2 Global symmetry on M
We now consider the global symmetries of the ungauged action eq. (3.1). The global
symmetries of the scalar kinetic energy term are the isometries of M. These isometries are
specied by a set of vector elds ti, the Killing vectors ofM, where the dierent isometries
are labelled by . The Killing vectors generate the innitesimal eld transformations

i =  ti () ; (3.19)















For the O(N) sigma model, the global symmetries of the scalar kinetic energy term
are G = O(N) transformations on the N -component real scalar eld . The N(N   1)=2
Killing vectors of M are
tiab () = i [Mab]
i
j 
j = i (Mab )
i ; (3.21)







; 1  a < b  N; (3.22)
and the label  has been replaced by the bi-index ab. The Killing vectors in eq. (3.21)
are linear in the N Cartesian components of the eld , but not in the N polar com-
ponents. The O(N) Killing vectors can be divided into the (N   1)(N   2)=2 Killing
vectors of the unbroken subgroup H = O(N   1) and the (N   1) Killing vectors which are
spontaneously broken,





; 1  a < b < N ;





; 1  a < N : (3.23)
Restricting to the scalar submanifold SN 1 such that h  i = v2 with h = 0, yields
N' = (N   1) independent real scalar elds 'a. The Killing vectors of SN 1 on the rst
line of eq. (3.23) act linearly on the 'a in both Cartesian and polar coordinates. Those on
the second line act non-linearly, since N =
p
v2  ' '. Explicitly,





; 1  a < b < N ;
tiaN (') = i (MaN )
i = ia
p
v2  ' '; 1  a < N ; (3.24)
for i = 1; : : : ; N   1.
The innitesimal eld transformations generated by the Killing vectors in eq. (3.19)
leave the action eq. (3.1) invariant, provided that

















where Lt is the Lie derivative for Killing vector t
i
. The rst condition in eq. (3.25) is the
denition of a Killing vector; it is an isometry of the metric. The second condition is that
the potential is invariant.




so the Killing vectors form the symmetry algebra
[t; t ]
i = f  t
i
 : (3.27)




; k   tkti; k = f  ti : (3.28)
Note that the above equation also holds with the ordinary derivative ti;k replaced by the
covariant derivative
ti ;k = t
i










since the Christoel symbol is symmetric in lower indices, and cancels in the antisymmetric
derivative of eq. (3.28). The Killing vectors in eq. (3.24) are a non-trivial example of Killing
vectors which form a closed set under the Lie bracket.
As noted at the beginning of the section, a covariant treatment guarantees that vectors
i transform the same way as @








which is a linear transformation law.
3.3 Local symmetry on M
The global symmetries eq. (3.19) can be promoted to local symmetries by replacing the
global symmetry parameters  by functions of spacetime (x),

i(x) = (x) ti ((x)) ; (3.31)
and introducing gauge elds.
The gauge covariant derivative of the scalar eld on the curved manifold M is de-
ned by
(D(x))
i  @i(x) +A(x) ti((x)) ; (3.32)
where A(x) is the gauge eld associated with the Killing vector ti(), and the gauge

















covariant derivative of the scalar eld should transform the same way as @
i in eq. (3.20)






























Using the denition of the Lie bracket in eq. (3.28), this equation yields the usual trans-
formation law for the gauge eld
A

 =  @   f  A : (3.35)




i (D)j + I() ; (3.36)
where the partial derivatives of the scalar eld have been replaced by gauge covariant
derivatives eq. (3.32). The rst variation of the Lagrangian gives the gauged generalization















k   I; i
 gij (D (D))j   I; i : (3.37)
The gauge covariant derivative D of coordinates 
i is given in eq. (3.32), and the gauged

















which is the gauged generalization of eq. (3.5). Eq. (3.38) is the appropriate denition for
covariant derivatives acting on vector elds. It arises in our calculation by a direct calcu-
lation to obtain the equations of motion eq. (3.37) by varying the Lagrangian eq. (3.36).































































The second relation is that the Lie derivative of the Levi-Civita connection vanishes because
t is a Killing vector. The explicit formula is
















The rst and second variations of the gauged action up to second order give the gauged















i (D)j  Rijkl (D)j (D)l ik + (rirjI) ij
i
: (3.42)
The gauge eld now appears implicitly in every term except for those involving the potential
I. The second variation 2S depends on the curvature Rijkl of M, but it does not have a
term that depends on the gauge curvature (i.e. eld-strength) F .
The divergent one-loop contribution in 4  2 dimensions for quadratic actions such as


















j  [D ;D ]ij ; [X]ik   Rijkl(D)j(D)l + gij I;jk : (3.44)
't Hooft's original derivation is valid when the scalar metric is ij . Our form eq. (3.43) with
Y and X given by eq. (3.44) applies for any metric gij . Eq. (3.44) is the second Seeley-
DeWitt coecient in the heat-kernel expansion, and has been studied by many authors
(see ref. [58] for a review).
The matrix X is the mass squared term for the uctuations  in eq. (3.42), and Y is a
eld strength tensor constructed from the covariant derivative D . An explicit computation
using the identities (3.40) and (3.41) shows that Y is equal to the sum of the curvature
of M and the curvature of the gauge eld,
[Y ]
i






l + F t
i
;j : (3.45)
For Goldstone bosons, where I is a constant, X and Y are both proportional to
two derivatives of  times the curvature Rijkl, i.e. they are order O(Rp2), where R is a
typical curvature and p is a typical momentum. Thus, the one-loop correction, which is
proportional to the traces of X2 and Y 2 , is order O(R2p4), and is O(p4) as one expects
in chiral perturbation theory. The O(p4) correction is proportional to the square of the
curvature, and vanishes if the manifold is at, i.e. in a theory such as the SM. Thus,
the SM is renormalizable even in non-linear coordinates; one-loop graphs do not require
four-derivative counterterms. The F term in Y gives the Goldstone boson contribution
to the gauge coupling -function of order O(F 2), and the running of operators involving






















= (rirjI)(rjriI) +Ri(d) j (d)R
j
(d) i (d)
  2(rirjI)Ri (d) j (d) ; (3.46)
and
Tr [YY
 ] = Rij (d) (d)R
j
















Eq. (3.47) is universal and applies to many theories. The one-loop correction in HEFT,
which is complicated, and was given previously in refs. [1, 16], is simply an expansion of
eq. (3.47) into component elds. More details about the expansion are given in appendix B.
As explained in ref. [1], the same formula eq. (3.47) applies to HEFT, the SM scalar sector,
dilaton theories, and chiral perturbation theory.
To close this section, we consider spontaneous symmetry breaking in a theory with
an invariant potential LtI = 0, so that we have exact Goldstone bosons. The elds i





, and transform as i =  ti(hi). Thus, broken
symmetries tiA satisfy t
i
A(hi) 6= 0, and tiA(hi) is a vector in the Goldstone boson direction
| i.e. motion along the vector eld tiA (for each broken generator) is motion between
dierent vacuum states with the same value of the potential I.
In the gauged case, the Goldstone bosons are eaten, giving a mass term for the gauge






C; M2BC (hi)  gij(hi) tiB(hi) tjC(hi) : (3.48)
The rank of M2BC determines the number of massive gauge bosons, which cannot exceed
the dimension of the manifold M. If the number of isometries exceeds dimM, then there
are unbroken symmetries. This is true in theM = SN theory, where there are N(N +1)=2
isometries which form the group G = O(N + 1), and the unbroken subgroup H = O(N)
has N(N   1)=2 generators. The number of broken generators is N , which is equal to the
dimension of SN .
4 CCWZ and non-compact groups
In this section, we connect the geometric formalism with the explicit formul of CCWZ [17,
59] for Goldstone boson Lagrangians with symmetry breaking pattern G ! H. We are
interested in applying the formalism to non-compact groups, and to sigma models with
non-trivial metrics on G=H. Our presentation thus parallels the discussion in the original
work, while pointing out dierences which arise for the case of non-compact groups.
Consider a group G with generators t,  = 1;    ; dimG, satisfying the Lie algebra g
[t; t ] = if

 t ; (4.1)




























To allow for negatively curved spaces [33, 60], we do not assume that the group G is
compact. Consequently, the Lie algebra eq. (4.1) implies that the structure constants f 
are antisymmetric in their rst two indices, f  =  f  , but total antisymmetry of the
structure constants in all three indices, which is true for compact groups, is not assumed.
The group G is spontaneously broken to the subgroup H with generators Ta, a =
1;    ; dimH, satisfying the Lie algebra h,
[Ta; Tb] = if
c
ab Tc : (4.3)
The remaining broken generators of the coset G=H needed to span g are given by XA,
A = 1;    ; dimG=H. The choice of the broken generators XA is not unique. In the
familiar example of broken chiral symmetry in QCD, dierent choices of broken generators
lead to dierent parameterizations of the chiral Lagrangian, e.g. by (x) which transforms
as  ! Lhy = hRy, or by U(x) which transforms as LURy [61].
The g commutation relations of the generators t = fTa; XAg in eq. (4.1) decompose
into the following commutation relations for the unbroken and broken generators
[Ta; Tb] = if
c
ab Tc ; (4.4a)
[Ta; XB] = if
C
aB XC + if
c
aB Tc ; (4.4b)
[XA; XB] = if
C
AB XC + if
c
AB Tc : (4.4c)
The rst line eq. (4.4a) is the Lie algebra h of the subgroup H in eq. (4.3), which is closed
under commutation, so the commutator [Ta; Tb] has no term proportional to the broken
generators XC , which implies that the structure constants f
C
ab = 0.
For compact groups, complete antisymmetry of the structure constants then implies
that f caB = 0, so eq. (4.4b) simplies to
[Ta; XB] = if
C
aB XC ; (4.5)
which implies that the broken generators XA form a (possibly reducible) representation
R() of the unbroken subgroup H. The generators Ta of H in the R() representation are






C =  if CaB : (4.6)







= if cab T
R()
c ; (4.7)
follow from the Jacobi identity eq. (4.2).
For non-compact groups, eq. (4.5) need not be satised. For now, we restrict our
attention to symmetry breaking patterns where eq. (4.5) holds, so f caB = 0. Such cosets
are called reductive cosets. Non-reductive cosets are discussed in appendix C. An example
of a reductive coset is the breaking of the Lorentz group down to its rotation subgroup. For

















symmetry group H, just as in the compact case. The coset is reductive if H is compact,
even if G is non-compact.
Often, there is a discrete symmetry of the Lie algebra XA !  XA under which the
broken generators change sign. The presence of such a discrete symmetry implies that the
structure constants f caB and f
C
AB vanish, so the Lie algebra reduces to
[Ta; Tb] = if
c
ab Tc ;
[Ta; XB] = if
C
aB XC ; (4.8)
[XA; XB] = if
c
AB Tc :
An example is chiral symmetry breaking in the strong interactions, where the broken
generators are odd under parity. Cosets with such a discrete symmetry are referred to as
symmetric cosets. Symmetric cosets are automatically reductive.
The CCWZ formalism picks elements of G=H cosets using the exponential map of the
broken generators fXAg






where A(x) are the dimensionless spacetime-dependent parameters describing the Gold-
stone boson directions on the vacuum coset G=H. This exponential map gives a unique
association between a point in the coset G=H and A(x) in a neighborhood of the identity
element e. An arbitrary group element g 2 G in the neighborhood of the identity element
e can be written uniquely as
g = eiXeiT ; (4.10)
where  T  a(x)Ta. Left action by an arbitrary group element g 2 G on G=H is given by
Tg : (x)! g (x); (4.11)
which maps a point in coset space to a new point in coset space. The transformation law
for (x) is
g (x) = 0(x) h ((x); g) ; g 2 G; h 2 H ; (4.12)
where 0(x) is a new coset and h 2 H is an implicit function of g 2 G and the original coset





g ; g (x) g 1 = exp
 
i (x)   g X g 1 ; (4.13)
one sees that if g = h0 2 H is an unbroken symmetry transformation, then h ((x); h0) = h0.



























(h0) is the H transformation matrix in the R() representation. Note that for
reductive cosets, if g = h0 2 H, then h ((x); h0) = h0 is a constant (i.e. it does not depend
on x through (x)).
The CCWZ procedure for building a G-invariant Lagrangian is to map all elds to the
origin of coset space  = 1 with (x) = 0 by left-action by g =  1, and to dene covariant
derivatives in terms of this map. Explicitly, one starts with
 1D =  1(@ + iA t) (4.15)
where the gauge coupling constant has been absorbed into the normalization of the gauge
eld A. If only a subgroup Ggauge  G is gauged, then only gauge bosons of Ggauge appear
in the above equation, or equivalently, the gauge bosons corresponding to global symmetry
directions are set equal to zero. In addition, dierent factor gauge groups in Ggauge can
have distinct gauge coupling constants. Power series expansion of  1D shows that it
can be expressed in terms of multiple commutators, so it is an element of the Lie algebra















 i (D) = i (D)AXA: (4.16)
The above equations dene V and (D). Usually, one normalizes the generators so that
Tr tt = =2, and projects out the broken and unbroken pieces of 
 1D by taking the
appropriate traces. The decomposition of a vector into a linear combination of basis vectors
does not require an inner product on the vector space, so eq. (4.16) is well-dened even
without this normalization of generators. An orthogonal normalization of generators is not
possible for non-compact G, but eq. (4.16) is well-dened. Under an unbroken symmetry
transformation h 2 H, V transforms like a gauge eld
V ! hV h 1   (@h) h 1 ; (4.17)
and (D) transforms by adjoint action by H in the representation R(),
(D)! h (D) h 1 : (4.18)
These last two equations require the reductive coset condition f caB = 0. The generalization
to non-reductive cosets is discussed in appendix C.











where [e()]AB are vierbeins of the G=H vacuum manifold, and FA () are related to the

















For groups where (D)
A transforms as a single irreducible representation R(), as in






















B (@)C +    ; (4.20)
where F is the Goldstone boson decay constant, and the ellipsis denotes terms depending










If the representation is reducible, the sum in eq. (4.20) can be divided into sums over the
individual irreducible representations, with arbitrary weights for each irreducible represen-









where AB is a symmetric tensor invariant under the adjoint action of H, eq. (4.18). AB is
a positive denite matrix so that the pion kinetic energies have the correct sign. Note that
AB is a constant, i.e. it does not depend on . One can always dene a positive denite
kinetic energy if H is a compact subgroup, e.g. by choosing AB = AB. In summary, the































Eq. (4.24) can easily be derived by looking at the shift  !  +  for an innitesimal G
transformation.
For the HEFT example, we need to evaluate the curvature tensors at the vacuum eld
conguration A = 0, which requires knowing the metric tensor to quadratic order in .











































BCA + : : : : (4.26)
The term AA only involves the broken generators, and it is the square of this term in the
kinetic energy which results in the broken gauge bosons acquiring a mass proportional to













DE + : : : (4.27)







































For a compact group, the structure constants are completely antisymmetric, so the linear
term in  vanishes if AB / AB. However, in some cases, such as the SM with custodial
symmetry violation, the linear term is non-zero.
The geometric quantities we need can be computed directly from the metric eq. (4.28).





























































where AB is the inverse of AB, and the Jacobi identity has been used to simplify the nal


















































where we recall that the sum on  runs over both broken and unbroken generators, whereas



























































CD f AAC f BBD CD :
(4.32)
The scalar curvature does not have a denite sign unless the group is compact. Eqs. (4.28),
(4.29), (4.30), (4.31) and (4.32) are valid even for non-reductive cosets.
The results simplify considerably in a number of special cases. For a symmetric coset,






















B   f AB f GC DGAC   f AD f GC BGAC

;






where the sum on  = fa;Ag can be restricted to the unbroken generator index a only.
Another special case is G compact and AB = AB. For a compact group, the gener-
ators can be normalized so that Tr tt /  , so the structure constants are completely
antisymmetric tensors in their three indices. Writing the structure constants with three




RABCD = fABfCD   3
4












An interesting feature is the relative 1=4 for the sum over broken generator index G relative

















If one adds the additional restriction that the coset of the compact group G is sym-












where CA(G) is the Casimir in the adjoint representation of G, and N = dimG=H is the
number of broken generators.
Finally, if the gauge group is compact and completely broken, so that G=H = G, and
















We refer to all non-Goldstone boson or gauge elds generically as matter elds. The CCWZ
transformation for matter elds  under the group transformation law eq. (4.12) is
 ! D( )(h) ; (4.37)
where D( )(h) are the H representation matrices for  . Note that D( )(h) is assumed to
be an irreducible representation, so if it is reducible, one must rst decompose it into its
irreducible representations. The dierent irreducible representation components are then













a are the generators of the unbroken subgroup H in the representation D( )(h)
of H. The chiral covariant derivative transforms as
(D )! D( )(h) (D ) : (4.39)
The covariant derivative eq. (4.38) is derived in CCWZ. The argument relies on dening
it as the ordinary derivative at  = 1, and then using G action to dene it for arbitrary
. The key point (which is not true for non-reductive cosets) is that if g 2 H, then h in
eq. (4.12) is a constant, so the ordinary derivative transforms the same way as the eld,
eq. (4.37). Using this result at  = 1, the transformation eq. (4.39) for arbitrary  follows.
The covariant derivative eq. (4.38) is based on eq. (4.16), and hence on the Maurer-

















and makes no reference to a metric, i.e. to AB. One can also dene covariant derivatives
based on the metric (Christoel) connection eq. (4.29), which does depend on AB. The
two are equivalent if AB = AB, i.e. if the G-invariant metric on G=H is obtained from
a G-invariant metric on G. The dierence in the connections transforms as a H-invariant
tensor [62], so that the change in connection can be compensated by a change in coecients
of invariant terms in the sigma model Lagrangian. The exponential map () = exp(X)
is geodesic for the Maurer-Cartan connection, but not for a general AB metric connection.
4.2 Sectional curvature





hY; Y i hZ;Zi   hY;Zi2 (4.40)
where the inner product h; i is w.r.t. the metric gAB. The Cauchy-Schwartz inequality
implies the denominator is positive, so the sign of the sectional curvature depends on
the sign of the numerator. The sign of the sectional curvature is important, because, as
shown in refs. [1, 33, 60], the sign of deviations in Higgs-gauge boson scattering amplitudes












BAB   f AY  ZBAB
  3
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  f AY G f CZH Y BZDABCDGH (4.41)





  f Y Z t (4.42)
for f Y Z . The general form eq. (4.41) does not have a denite sign.









f GY Z f
G
Y Z  0 (4.43)
is positive denite for any pair of vectors Y; Z. For compact groups with AB 6= AB,
the sectional curvatures need not be positive. A simple example is G = SU(2) completely
broken, with AB = diag(1; 2; 3), and Y = (1; 0; 0), Z = (0; 1; 0), in which case
K(Y;Z) =
2(1 + 2)3 + (1   2)2   323
4F 2123
(4.44)
which is negative for 3  1;2.


















(a) Both Y and Z are in the Goldstone boson directions. Since the Goldstone boson
manifold S3 is a maximally symmetric space, K(Y; Z) is independent of the choice
Y; Z, and is the quantity K(Y; Z) = R4 in ref. [1].
(b) Y is in the Goldstone boson direction, and Z is in the h direction. In this case
K(Y; Zh) is independent of the choice Y and Zh (since there is only one direction
Zh) and is K(Y; Zh) = R2h in ref. [1].
As shown in ref. [1], deviations in WLWL !WLWL were proportional to r4 = R4(h =
0), the sectional curvature where Y and Z are in Goldstone boson directions. The longi-
tudinal gauge bosons at high energies are related to the Goldstone bosons, and so probe
the Goldstone boson directions in M. The WLWL ! hh scattering amplitudes is propor-
tional to r2h = R2h(h = 0), and probes the sectional curvature where Y is in a Goldstone
boson direction, and Z in the Higgs direction. If the HEFT is based on a composite Higgs
theory [28], where h is itself a (pseudo) Goldstone boson of some strong dynamics at a
scale f > v, then we see from eq. (4.43) that R4 and R2h are both positive if the com-
posite Higgs model is based on a compact group. On the other hand, if the sigma-model
group is non-compact, it is possible to get negative values [33] for these curvatures because
eq. (4.41) has no denite sign.
We also consider multi-Higgs theories in section 6. In such theories, the possible
sectional curvatures are R4 = K(Y; Z), R2h;I = K(Y; ZI), where ZI runs over the
possible Higgs directions, and K(YI ; ZJ) over distinct pairs of Higgs directions I 6= J .
5 The Standard Model and custodial symmetry violation
The SM sigma model for the custodial symmetric breaking pattern SU(2)L  SU(2)R !




be a 2 2 matrix, where TA are SU(2)L generators, and A are dimensionless.




























































 1@U(x) + U(x) 1ig2W TU(x)  ig1BT3; (5.4)
































( W)A   g1BA3 (5.5)
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with cW = cos W and sW = sin W . The F
A
 can be used to construct the Killing vectors











AB   jj2 AB
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+ : : : : (5.8)











 = 0; (5.9)
so the photon is massless, and W;Z acquire mass.









where AB is aH-invariant tensor. For the SM with custodial SU(2) symmetry, the breaking
pattern is SU(2)L  SU(2)R ! SU(2)V . The tensor AB must be invariant under the





where v  246 GeV is chosen to give the correct gauge boson masses.
If custodial symmetry is not exact, the breaking pattern is SU(2)LU(1)Y ! U(1)em,




0B@ 1 0 00 1 0
0 0 
1CA ; (5.12)







which is no longer equal to one. The experimental constraint on the  parameter is an
extremely stringent constraint on custodial symmetry violation, since it requires j  1j .
0:01. A simple example of custodial symmetry violation is the SM with an additional










































then the values of the AB parameters in eq. (5.12) are
v2 = v2D + 2v
2








The geometry of the scalar manifold with metric eq. (5.10) has been studied in other
contexts [64]. The conguration space of a rigid body with one point xed is given by the
rotation matrix R(; ;  ) 2 SO(3) parameterized by three Euler angles, and, up to Z2
factors, is the same as the Goldstone boson manifold of the SM. Rotations of the body
about space-xed axes correspond to SO(3)L rotations R! gLR, gL 2 SO(3), and rotations
about the body-xed axes correspond to SO(3)R rotations R ! Rg 1R , gR 2 SO(3). The
body-axis angular momenta are given by !ATA = R
 1 _R. The kinetic energy for a rigid











where AB can be chosen to be diagonal by picking the body axes to coincide with the
principal axes of the body. The kinetic energy for a spherical top with all three principal
moments of inertia equal, I1 = I2 = I3, is the analog of the SM with custodial symmetry.
The conguration space of the top is the (undeformed) three-sphere S3. The custodial
symmetry violating case is analogous to I1 = I2 6= I3, which is the conguration space
of a symmetric top. This space is known as the squashed three-sphere, and also occurs
in the metric for the Taub universe [64]. The asymmetric top with all Ii dierent would
correspond to the SM with electromagnetism broken.
6 HEFT with multiple singlet scalar bosons
The HEFT formalism can be extended to the case of multiple singlet (under custodial
SU(2)) Higgs elds hI , I = 1; 2;    , which involves adding additional singlet scalars to the
















  V (h) + : : : (6.1)
where F (h) is an arbitrary function of the dimensionless singlet scalar elds hI=v. The
coordinates fhIg are chosen so that h = (0; 0; : : : ; 0) is the ground state, and the HEFT
function F (h) is normalized so that
F (0; : : : ; 0) = 1 (6.2)

















Consider the O(4)! O(3) symmetry breaking pattern of the SM, with multiple scalar
elds hI which are singlets under the unbroken custodial O(3) symmetry. The most general







where A=v are coordinates on the coset space G=H = O(4)=O(3) = S3, and gAB() is
the metric on the unit 3-sphere. O(4) invariance implies that the o-diagonal metric terms
gAI and gIA vanish, and that gIJ(h) has no dependence on the  elds. An easy way to
prove that the general metric takes the form eq. (6.3) is to note that a point on S3 is
given by a four-component unit vector n. The entry gIJ(h) can depend on n, but not on
its derivatives; O(4) invariance then requires it to be function of n  n = 1, and therefore
independent of . Similarly, gIA@
A is an O(4) invariant function of n and @n with
one derivative; the only invariant object is @n  n = 0, so the o-diagonal entries vanish.
The 11 entry has the form F (h)2gAB() because G-invariance requires that h dependence
is an overall multiplicative factor, since there is only one G-invariant metric on S3. We will
consider the geometry of the metric eq. (6.3), with a general metric gAB(), so the results
are valid for a general G=H manifold as long as the o-diagonal terms of gij() vanish as
in eq. (6.3).











 IBC =  FF;MgIMgBC ;  IBK = 0;  IJK = IJK ; (6.4)
where ABC and 
I
JK are the Christoel symbols computed from the metrics gAB() and
gIJ(h), respectively. Similarly, in the expressions below, r
A
BCD, rBD and r are the
curvatures computed from the metric gAB(), whereas r
I
JKL, rJL and rh are the curvatures





AC gDB   AD gBC

; RABCL = 0;
RABKL = 0; R
I
JCD = 0;





RAJCD = 0; R
A
JKL = 0;
RIBCD = 0; R
I
BKD =  gDB gIM F;MK ;
RIBKL = 0; R
A
JCL =  AC F;JL : (6.5)
The covariant derivatives of F are w.r.t. IJK . The Ricci tensor is
RBD = rBD   gRSF;RF;S(N   1)gBD   gBDgRSFF;RS ;
RBL = 0;





















r  N(N   1) 1
F 2
gRSF;RF;S   2N 1
F
gRSF;RS + rh: (6.7)














The above expressions reduce to the formul given in ref. [1] for one Higgs singlet eld h
and G=H a symmetric space, which used













+ : : : (6.9)
with F = v.
The above expressions can be further simplied if one picks one h eld to be the radius
of S3, F (fhg) = h1, in which case F does not depend on hI , I 6= 1. The radial direction
is in general not a mass-eigenstate direction. Letting  be the radial direction, with  = 1
in the vacuum, and letting the remaining directions still be called hI (there is one less h
now), with I; J;K running over ; fhg, one gets a simpler version of the above equations,
where F;K = 1 if K = , and zero otherwise. For example,
F ! ; GRSF;RF;S ! G; F;RS !  RS ; (6.10)
etc.
7 Conclusions
In this paper, we have discussed the relation between the SM and two of its generalizations,
SMEFT and HEFT, and have shown that HEFT can be written in SMEFT form if and only
if there is an O(4) invariant xed point of the scalar manifold in a neighborhood of which
the scalar elds transform as a vector of O(4). We have shown that the SM can be written
using scalar elds transforming either linearly or non-linearly under SU(2)LU(1)Y , and is
renormalizable with either choice. Whether \the Higgs transforms linearly or non-linearly"
is not observable; the correct question, which can be resolved experimentally, is whether
the SM scalar manifold M is at or curved.
We have discussed the formulation of scalar elds on a curved manifold, including the
case with gauge symmetry, reviewed the computation of one-loop corrections in terms of
the curvature, and applied these known results to the case where the manifold is a coset.
The general expressions were used to obtain the one-loop renormalization of HEFT [1, 16],
and details of the computation are given here.
Deviations of Higgs and longitudinal gauge boson scattering amplitudes from their SM
values are given by sectional curvatures of the scalar manifold. In simple examples based on
G=H symmetry breaking with compact groups, the sectional curvatures are positive, which
xes the signs of deviations from the SM. We are investigating examples where sectional
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A Exponential parametrization of the O(N) model
The real antisymmetric Goldstone boson matrix is given by







0 : : : 0 1




0 : : : 0 N'
 1 : : :  N' 0
37777775 ; (A.1)
where A  A=F.  is










2; jj2  AA: (A.2)
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where the rst two terms are linear combinations of the broken generators, and the last
term is a linear combination of the unbroken generators. The indices A;B in the last term






























B One-loop renormalization of HEFT
In this appendix, we provide some intermediate results in the computation of the one-loop
























where F (h) is a dimensionless function with a power series expansion in h=v, and gab() is
the metric on the Goldstone boson manifold G=H = S3. The eld h has mass dimension





















where the unit vector n() is a dimensionless function of the the three independent coor-
dinates a = a=v on S3. Note that we have chosen to normalize a to be dimensionless
coordinates, which diers from ref. [1] by a rescaling by v. Eq. (B.2) implies that the S3






The Riemann curvature tensor Rijkl() obtained from the scalar metric gij() consists
of the non-vanishing components
Rabcd() =

1  v2(F 0(h))2 v2F (h)2 (gac()gbd()  gad()gbc()) ;
Rahbh() =  v2F (h)F 00(h)gab(); (B.4)
and components related to these by the permutation symmetry of the Riemann tensor.
Rabcd() is proportional to the tensor (gacgbd   gadgbc) because S3 is a maximally symme-
tric space.
The quantities X and Y from eqs. (3.44) and (3.45) that appear in the one-loop
correction eq. (3.43) contain terms depending on the Riemann curvature tensor. The
Riemann curvature tensor components contributing to [X]ik and [Y ]
i




24 1  v2(F 0)2 (D)2 ac   (D)a(D)c  F 00F (@h)(@h)ac F 00F (D)a(@h)






24 1  v2(F 0)2 [(D)a(D)b   (D)a(D)b] F 00F [(D)a(@h)  (D)a(@h)]
 v2FF 00 [(@h)(D)b   (@h)(D)b] 0
35 :
(B.5)
The Lagrangian term I() containing the potential and Yukawa couplings is




























W  n;b  V 00 +K 00n W
#
(B.7)
where n;a = @n=@
a.




24 1 v2(F 0)2 [(D)a(D)b (D)a(D)b] F 00F [(@h)(D)a (@h)(D)a]



















0 gW 3 + g
0B  gW 2 gW 1
 gW 3   g0B 0 gW 1 gW 2
gW 2  gW 1 0 gW 3   g0B
 gW 1  gW 2  gW 3 + g0B 0
37775 (B.10)
in terms of the electroweak gauge bosons. The eld strength tensor A is given by
eq. (B.10) with the replacements W ! W , B ! B . The covariant derivative Dn
is given by
Dn = @n+An (B.11)
treating n as a four-component column vector, and using matrix multiplication. The
covariant derivative on  is dened implicitly through
Dn Dn = gab()(D)a(D)b (B.12)
Substituting the above equations into eq. (3.43) gives eq. (59) in ref. [1].
C Non-reductive cosets
In this appendix, we comment briey on the CCWZ formalism when [Ta; XB] contains a
piece proportional to the unbroken generators, so that the coset is non-reductive. Such
examples are relevant for constructing G=H theories with negative sectional curvature [1].
One can still dene the CCWZ  eld as in eq. (4.9) which transforms as in eq. (4.12).






































is the R() transformation matrix constructed out of f CaB , as in eq. (4.6),
and MaB
B is the component in the unbroken direction. The exponential of eq. (C.2) can






where X;X 0 are linear combinations of broken generators, and T; T 0 are linear combinations
of unbroken generators, and the primed and unprimed quantities are connected by the
Baker-Campbell-Hausdor formula. Thus one gets eq. (4.12) with some important changes
even if g 2 H: (a) The relation between  and 0 is non-linear. Eq. (4.14) only holds for
the linear term, i.e. for the transformation of the tangent vector to the Goldstone boson
manifold at the origin, and (b) h0((x); g) depends on  and hence x, even if g 2 H.









(D) transforms by adjoint action by H in the representation R(), as before. However,
V picks up an additional piece and no longer transforms as a gauge eld under H. One can
still dene Goldstone boson kinetic terms as before, eq. (4.20). However, since V does not
transform as a gauge eld, it is not possible to dene covariant derivatives on matter elds
 which transform as arbitrary irreducible representations of H, as was done in CCWZ.
Nevertheless, some matter elds are allowed in the EFT. For example, if  transforms as
a representation RG of the full group G,





is a covariant derivative, where the generators t are in the RG representation. Following
CCWZ, we can dene new elds  by
 = D(y) (C.8)
which transform as



























on  using eq. (4.17). The sum (D + V) in the covariant derivative transforms as a
gauge eld
(D + V)! h (D + V)h 1   @hh 1 ; (C.11)
and the covariant derivative eq. (C.10) is well-dened. For compact groups, where (D)
transforms as
(D)! h (D)h 1 ; (C.12)
and does not mix with V, one can omit (D) in eq. (C.10) to get the CCWZ covariant
derivative. In this case, for the covariant derivative on  to make sense, it is only necessary
to dene the action of the unbroken generators Ta on , i.e. one can restrict  to only
be in an irreducible representation of H; it does not have to form a representation of G.
Baryons in QCD are an example | they form a representation of the unbroken SU(3)V
symmetry, but not of chiral SU(3)L  SU(3)R. However, for the non-reductive case, it is
necessary to retain the (D) term in the covariant derivative, to cancel the extra piece
in the transformation of V, the last term in eq. (C.5). In this case, we need to dene the
action of Ta and XA, which requires  to form a representation of the full symmetry G,
not just its unbroken subgroup.
The main diculty for sigma models with non-compact H is unitarity. The  kinetic






if  is a complex scalar. If H is non-compact, then the unitary representations are in-
nite dimensional. For a nite dimensional non-unitary representation, the kinetic term
eq. (C.13) is not an invariant, since  y does not transform as the inverse of  . One can




 i)  (D 4) (D 4) (C.14)
is invariant, as should be familiar from the Lorentz group. Eq. (C.14) has a wrong sign
kinetic term, and leads to ghosts. We do not know, in general, whether there are nite
dimensional representations for a non-compact group H with a positive denite H-invariant
kinetic energy term. This is possible for a trivial example: if H is a non-compact U(1), i.e.
of the form h = expT ,  1    1, one can pick the fermion to transform as exp iq,
and the kinetic energy eq. (C.13) is H-invariant.
One can construct a suitable kinetic energy term if H is compact even if G is non-

















SO(4) was studied in ref. [33]. In this case, the low energy EFT is unitary. However,
implementing a unitary UV theory in which G invariance is manifest is problematic, and
we do not know of any examples where this is possible.6
C.1 Example of a non-reductive coset




; y > 0; (C.15)












with the commutation relation
[T;X] = T : (C.17)







then Tv = 0, Xv 6= 0, so that T is an unbroken generator and X is a broken generator.
The matrices are suciently simple that the CCWZ formul can be computed explicitly.
The exponential of a Lie algebra element is

























6A simple argument due to S. Rychkov is to look at G-current correlators 
JJ in the UV theory. G
invariance requires the correlator to be proportional to the Killing form B , which is not positive denite
if G is non-compact, so that unitarity is violated. However, the low-energy EFT correlators are unitary, so

















with g in eq. (C.19) gives








In the special case where g 2 H, b = 0 and
0(x) = (x);
u0(x) = ae(x); (C.24)
so that u0 depends on x through (x). Eq. (C.22) becomes
eaT eX = eXh; h(x) = eae
(x)T ; (C.25)
and h depends on x even for an unbroken transformation.
The Maurer-Cartan form is
 1d = dX; ! =  1d

X





! = dX; V = 0: (C.27)
Under a global unbroken transformation g = exp aT ,
 1d ! 0  1d0 = d0X: (C.28)
Using eq. (C.22),
!0 = !; V 0 = 0: (C.29)




V 0 = h!h 1

T
+ hV h 1   dhh 1 (C.30)
with h in eq. (C.25). These equations are satised because of the extra h!h 1 term in the
V transformation.
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